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elelii lt, are riot p-vorsion el'ments heca 1s4 the order of the Shal functions was fixed when 1 he eleunent was

detrivedI. In anlother paper. To (ref. 9) dlevelopedl a taperel heaii elenient incoI)oratilig shear (leforllathbolI and

riarv inertia hut lset the element f)riulation o l cubic shape funictions. .More recently, a tapre(re p-version

lealnI (,lt'Ilft wa, developed i)v Hodgoes. Hopkins. Kiniz. and Hinlnat (ref. 10) specifically for iiodeling rotor

b)lades. To correctlv modl4I i spiiiin rotor bla(e. the clement in(ludes' the nonlinear effects of large nodal

ljiplioe'ient, and rotatiol.u. arolviailics. auid inertial rotation. Such a complx element is not needed for

mi)4hlin iirfram(e stru(ture ,. As a practical inatter. elements use , for the analysis of airfraiies should he

relativelv 5il11ph , because of i l( large number of elements normally required to model the structure adequatelv.

Ile obje(tiv(e of this paler is to plresent the derivation of a tapered. p-version beam eleeniet for use iin

d nivn111' mitl'Yse, of gelerul structural systeimis. This element features hierarchical shape( fuinctions which allow

lijher ord'r analyvses t( u,, element matrices estab)lilted for lower order analyses. Appropriat e orthogonal

re'laTi,,t s for th' shap' ftuncti) are employ'ved to avoid ill-conlitioned inatrices and re'luce the nmiber of

04Q1/(r,) tIeruiis. Elee'nt matrices are explicitly formed, thus eliminating the need for numerical quadrature

rt,{' luil itii)h'r ilipler imeentation andt a rednt ion ill roondoff error.

Symbols

.A (r)ss-s(ct ional area

o ('oeffi(ients of l)olyIionial represelnt ing ('ross-sectional l)r)pertY

- moduis of eiasticity

r Lh : .t erial em )(iilg, and torsional frequency.

respectively. Hz

G shear modulus

I,, ' nmbner of internal degrees of freedom

Ix. . . l y . . l  area m(oment of inertia about A-. Y-. and Z-axis. respectively

,I trsiinal stiffness (onstant

K stiffness matrix

K external stiffness sulinatrix

K ,.I.K l,. K t Kf I  external-int ernal stiffness cout)ling suibiatrice associated with i,
r. Iv. audI 9. respectively

K7,.K", .K" .K 9 internal stiffness subnatrice associated with i u. . it'. and 9.

respect ively

/ length of beal11

,I mrass matrix

I ext ernal mass submatrix

MIIl" .... EIf I I external-internal mass coupling subinatric, associat ed with i. 1%

'. and 0. respectively

MNI. Nil M, . M OM internal niass suihinatrice associated with it. '. ii, and f.

respect ively

Nof total numb(er of degres of free(hoii

Ne'Ili nuimber of (lilients
.". , ., , . \ ith shape function associate(d with t. r. 0'. and 0. rslpeetively
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1V0  ith shape funct ' of C° type

V1i ith shape function of C 1 type

I) .P, .P,. P0  number of shape functi0 associated with u, v,. u7, and 0.
respect ivelY

P2 (Y) quadratic polynomial representing generic cross-sectional
property

P, .) quartic polynomial representing generic cross-sectiunai property

S" tith discrete degree of freedom associated with i. v. w, and 6.

respectively

Soi matrix function defined by fg P4 (x)N 0N 0 dx

SOP  matrix function defined bY f ,P?(x)(N (VP)' dx

5 j.I inatrix function defined by fo' P2 (x)N 1 Nl dx

SI'P matrix function defined bv f l P4 (x)(N )'(N)' dx

S IP niatrix function defined bv fP dx
t~j

T kinetic energy

t time. sec

I strain energy

(tAIM, displacement along X-. Y-, and Z-axis. respectively

X.Y.Z rectangular axis system with origin at one end of beam;
X-axis aiong neutral axis of beam, and Y- and Z-axes oriented
parallel to principal axes of beam

.r. y. z independent variable along X-, Y-. and Z-axis, respectively

10) . coefficients in generating euation for NP
1 l!. r coefficients in generating equation for No

b( ) first variation of ( )

0 (i X j)
.J1 (i =j)

)- (i = 2 or 4)
A~i)

1 (Otherwise)

6 rotation about X-axis (i.e., torsion)

p mass density

-1,., 1.1 oi ith axial. lateral bending, and torsional frequency respectively.

ra(l/sec

Primes to a svmbel denote a derivative with respect to x. A (lot over a symbol denotes a derivative wit h
respect, to time.
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Basic Mathematical Formulation

ThC blait tillite celment is dierivedi ausiiiiip, t hat th laeiii b~ehiaves ki-,nat icall v like at Ierioiilli- Fuiler
beali. Rot arv itiert ia effects are iiicliided: liowever. shear flexibilitY is nodt inc~lud~ed ill thle preseiit formiiulatinl.
'Iw (rs-etiilal area call il vr as at quiadratic polviioiiiial along thle loiigth oi(f thle beaiii. and thle area iliollielit

1) 111(11raill Varyiv ai. ((Hatitfi pol ,viioiliial. 11wll eleniliit axis svsteiii A. .V, is orienitedl So that thle X-axis is
.1ol ii1 th lie ietrl a 'is of thle 1iiidtloriiied ba ii anld thle Y- and Z-axes are parallel to the principal axes of t tie
(105>, Metion. (Ste fig. 1.) lii> orientatiaon restults iii at zero cross product of iliertia ( Iyy = 0). The coti liiolis

ii>(tl~(Hlt11t w.c . atnd i arc as."liiiiet to be olY at ftinctioii of x aml 1 1C.
H~miliiltmins principle is used ill th lterivatioti of this beatn elemnit. Assuing oiillv conservat ive fortes.

lliiltoii's priniciple i> stated as (ref. 11)

/ (T - V) (it = Ii(1

wherv tI i11( t, reprtset i arbitrarY ti hues at which the state of the s ysteiii is kniowin. aiid T and V are the
kiiiet ii and( >traiiieeris respectivelv. -FT(e kinetic eiiergov of thle beiii is found ill referenice 12 ats

1 2 ../ j) 1- 11+A . )Id 2

aiah thet trailll enlermy ftllowx stuirl fron ce11 ,

V= f K' E.0)2 + FIzz) ,, )2 + K11-1 1 tv 2 + (7.))1)2] (1.1' (3)

Thei ((ltinuious prtthleili astociated with the colitiiiolis displacenieiits i. c. it,. and 0) is discretized hly
it it (thcllng discrete dlegrees oif frced,(oiii ( which are related to thle colit ililiolis (lisllacelliits according to

P
il qt 1 (6)

A 1,( 7

Substtlitlig quilioll 4) hrouh (7 int equ tzis()ad3 vpee teknicndtrneiris

itt

4)=~Aq 7



Alg = 9 , pIX ,'VN x ., (11)

= EA4(x,')'(NVj")' di- (12)

1'1
=i E I z z ( , _i  , .j , / d . ( 1 3 )

. / EIyy(N/')"(NJ) dx (14)

f, J G.=(NO)'(Nj)' dx (15)

Shape Functions

The discrete degrees of freedom are divided into two sets. external and internal. The 12 external degrees
of freedom. which are (epicted in figure 2. correspond to the usual definition of the physical nodal degrees
of freedom for a beam finite element (ref. 14). The internal degrees of freedom have no physical significance
but are simply the coefficients of the higher order shape functions. These internal degrees of freedom serve
to increase the accuracy of the transformation from the discrete problem having a finite mimuber of degrees of
freedom to tile (ontinuous problem having an infinite number of degrees of freedom. The numl)er of internal
degrees of freedom used in the beam element is specified by the data input file and may vary from zero to
theoret icallv infinite. Setting P, = Po = 2 and P, = P, = 4 in equations (4) through (7) will lead to the
classical 12-degree-of-freedom beam element. Increasing any of these P's adds internal degrees of freedom to
the element. The shape fmnctions Ni are usually taken to be polynomials although in theory they caii be any
set of flctions.

Shape Functions for u and 0
The shape functions NY and N O are identical and have C-type continuity. That is. contimitv is eforced

across element boundaries, but continuity of the derivatives across element boundaries is not enforced. Shape
functions satisfying CO continuity will be denoted by NIP (i.e.., N' - N9 = N 0 ). The first two shape functions
in this set are tile well-known linear polynomials (ref. 15)

'r

N( = -- + 1 (16)

No x (17)-T

The higher order CO-type shape functions used herein were derived subject to two requirements: First. the
contimuity is enforced by restricting the higher order shape functions to be zero at the elenoett boundaries.

and second. the set of higher order polynomials must be orthogonal with respect to their first dlerivative.
Orthogonality of the first derivative was chosen over polynomial orthogonality because the element mass and
stiffness matrices obtained by requiring first-derivative orthogonalitv contain fewer nonzero terms: thus explicit
integration is facilitated. This also results in matrices which are better conditioned than those obtained from
orthogonal shape fumctions. These requirements are expressed mathemat'ically by tile following equations:

N!P(O) -0 (i > 3) (18)

N -() 0 (i > 3)

(N )'(N'))' d' 1 - ) (1 > 3. j > 3) (20)
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The first three higher order ('°-type shape functions in the set defined by equations (18) through (20) are

No -- v/3 (21)

N() =v (-2 V +3 ) - (22)

-
° = V7 5T--10-x- 6 - ) (23)

In general. once N') is known, the i + 1 shape function can be found from the recursive formula

NO (al + xjV,3(N - 0NI (i > 3) (2-1)

where

9= (2i - 3)\ - 1 (i > 3) (25)

- i-i -:.1 \ 4i - )_/2 3 _ i > 3) (26 )

0 i - 3)V/5- 1 (i > 3) (27)

Shape Functions for v' and u,

The sha)e functions N!' and NiW require Cl-type continuity, meaning that both the functions and their
first derivatives must be continuous across element boundaries. The shape functions N and N"i are identical
except that V.2-' = -N2" and N4' = -N4' to ensure that the discrete rotational degrees of freedom q5 and qll
have the sense indicated in fitire 2. Shape functions satisfying C 1 continuity will be denoted by Nil (i.e..

,i" = A(i).i"' = Ni1). The first four Cl-type functions for the beam element are (ref. 15)

N'= x3 2  (28N1 =2 - - 3- + 1 (

N' X
3  X2

2= - - 2 + x (29)

X3  x 2

= -2T- + 3- (30)

x 3  x 2

N4' - 3l 2  l(31)

The derivation of the higher order Cl-type shape functions employed in this paper is based on tile same
philosophy as tihe derivation of the C°-type shape functions. To ensure C' continuity the higher order shape
functions must have zero slope and (isplacenment. at the element boundaries. Consistent with the l)r('vious
discussion oii the orthogonality properties of the C0 -type shape functions, the Cl-tyl)e shape functions are
requiired to be orthogonal in their second derivative. The specific requirements are

Nil(0) = 0 (i > 5) (32)
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(N", '(0) = o (i > 5) (33)

N<(1) = o (i 5) (34)

(.V1 )(I) = 0 (i > 5) (35)

(Nil .\)z (1., = (j.j i > 5.j > 5) (36)

The first three higher order C1-type shape fiuinctiolls ill the set defined by epllations (32) through (36) are

('I X3 X2 
(37)

.\1,5 =l 2/ X 3 +  '" (38)

1 _ 7 X
5  15- 4  10x3  X 2 9

If N-1 is given. .V, 1 (all be fot.:' 1 froni the recursive relation

+I =(,, + .',,3)N 1
- v/_Ni (i > 5) (4()

where

0 2i - 5)v2 -3 (i> 5) (41)

= (4i-10) 2i-3 (i>5) (42)

S= (i - ) -3 (i > 5) (43)
i-7

Matrix Functions

Inspection of equations (2) and (3) indicates that there are eight cross-sectional properties associated with
a beam element. Two of them. pA and EA. are represented by the quadratic polynomial

P2 (x) = a2X2 + ajx + ao (44)

The remaining six properties, Plxx. plyy. plzz, GJ. El,). and EIzz. are represented by the (quartic
polynomial

P14(x) = a4, 4 + 3 3 x 3 + 32x 2 + alx + ao (45)

Because these polynomnials can represent any of the aforementioned cross-sectional properties by substituting

in the appropriate values for the coefficients ai, equations (44) and (45) are referred to herein as -generic

cross-sectional property polynomuials.- Note that P 2 (x) is a subset of P(x). and, therefore, the coefficients a(0

through a2 refer to both polynomials. The context in which the coefficients are used will clearly specifY which

generic cross-sectional property polynomial is being referenced.

Substituting the gencric cross-sectional property polynomials for the actual cross-sectional properties in

equations (8) through (15) and substituting generic N o or N 1 shape functions for the (ispiacemtnt-specifi(

7



shape fuinctions. the I)l term , in e(Iijuntions (, ) through (15) are reduced to 5 unique teriis. These five unique

ternis are referred to herein as "niatrix functions." and have the following definitions:

', /, P~ ,'- 1 A- dx" (46)

S / P(x)( A,'0NX " (, (47)

sfP / 2  (1) .\,)-( (4 )

,;F x P )( .\' )'(. v v )' 1,r (49)

.5 PP  = P,( ).," )" v ) dx" (50)

The inatrix functions are functions of a cross-sectional property which is shown as an argunent in

parentheses wheni appropriate. for example. S(J (pA). The expressions for the nonzero teriis in the miass and

stiffness matrices given by equations (8) through (15) can now be expressed in teriis of the uiatrix functions

as foliows:

= S93 (pA) (51)

. S /I = s,[j(pA) + S.j (pIzz) (52)

*Ij = A(i)Aj) SI.(pA) + Sl.(ply)] (53)

M,. = SPj (/xx) (54)

K' S= (EA) 55)

K -' s'PP(EIzz) (56)

K.A(i)A(j)S (EIyy) (57)

K =j SiP(GJ) (58)

where
{ -I (i = 2 or 4) (59)

Mi) = 1 (Otherwise)

Explicit expressions for the five sets of matrix functions for i = 1, c and j = i, )c are given in appendix A.

Expressions for j = 1.i - 1 are not given because the matrix functions are symmetric (i.e.. Sij = Sj,).

Element Mass and Stiffness Matrices

The nonzero mass and stiffness teruns given by equations (51) through (54) and equations (55) throtugh

(58). respectively. muist be appropriately assembled to form the element mass and stiffness matrices. This

procedure depends on the arrangement of the discrete degrees of freedom in the element vector of unknowns.
The first 12 degrees of freedom in the vector of unknowns are the external degrees of freedom associated with

the classical bean element. The higher order (internal) degrees of freedom are positioned after the external

8



,hovre, of fieedluIII ill the vector of unknowns. Speificallv. all the interriad q's are grollifd togetherIi t e all

tih inlrniiil ,f , are grouped togetier. anl so oi. Trhe final arrangement if iiiknowns is given as follows:

'II 'I ())
'/2 (0)

oh'(O)
q1: 0'(0)

1151

1,

q u( 1 )
T

I

'1 u( /

'/1 -t'(/1)

q12
'/13 ':

'/12 +1l', - 2 "',

qj:1+ p,, -2 q

q 12- P,-2-I', -. q"

q , 2 fll,

q"

i:12 ,,- 2i"-P, -l-±+P,,.- 4 / ,,

q12+!',, -2+!', -4+1', -4+P',-2 q0

Mass Matrix

The (lenient masi s matrix is partitioned into several sumiatrices consistent witi the arrangelnlellt of the

degrees of freedom iin the vector of mliikliowmis given ini v(pat ion (i0). This leads to a matrix of tle forim

M EE M II M i  M ill.: M O'

l l0 o El

M = M'1  ( 0 ()(i1)

M MI,.'Y111 M}

The submatrix MEE is termied the external submiatrix because it is associated onlv with the external degrees

of freedom. This submatrix. which is givemi by the following equation. is a 12 bY 12 matrix and redies to the
classical consistent mass nmiatrix for (ostalnt cros:,-sectional properties:

9



- .; 4I v, ..lI ',.. .4I //.l

M, 
I

,]2:,,''+ 21 -+, > "L q

" " .~ . l III I) () " I

0 0 0 
U/

(qI I 4 )4 i I

",; ' ' I2

0 0}

p..

(62)

Yhe suiilni,,trhces il'. M EI" M . and M O I couple the external and internal degrees of freedon in the

clemielnt iiass matrix. These sulniatrices. which are shown in equations (63) through (66). are variable sized

arra " 4 an order e(ual to 12 )y tile llmbiler of internal degrees of freedom corre sponding to the particular
()uitilou:s variable. For examiple. let P, represent the number of discrete degrees of freedom associated witi

U1. Then. because there are always two external discrete degrees of freedom associated with it. the dinensions
(f I", are 12 Lv P, - 2. It is of interest to note that tihe coupling terms associated with t he higher order
internal d(,res (If freedum becomne zero if a sufficient number of internal degrees of freedom are includedi.

10



04) SO o' )1 .

sl 1 ()4) S" 04

14(IP4 44 ( /). 44/OZZ

,(I 4)Izz S4) 4) 1 1.1

4 () ) +) 4 24 pI z ) 0 . .

4)0 (64) 4

I0 (0.~ )4 ..

NI"1 I44 4 .. . 4 ) 4 S! (4
S~ip~ ~ 1 A S1.pIzz '4)))) I .S~ 1 4)I/



F0 0 ..

S1 1: 14 0 ...

U .(0 .U

" I -- I i --S~~ 4IyI....' (~ .~11 Ivy

(1,A ) ) S11j

24.6p y 10 .pI 2. 144/4

44 . .(. 5 )

0 00 ...

44:o, S 4 1 014) .

( 01 00

V. (/).-) , 44 . S ,1 4 + l .4

()~ 0 11

0 U1 ... U ()
0) 0) 0. ...

S 1 U , . . ( 0

(0 ... 0 0 ..

1 0 .. () ..
0t 0 ... 0 . .

HS 0 . .. 11 0 ..

0i( ... 0 0 . .

0 .. 0 0

The ass suhmatri'es corresponding to the internal degrees of freedom are given 1)y the following equations
( vq<s. (67) t hroug~h (70) ). Note t hat t hese sub~matric'es are sy'vnmet ric' and h~andled. Their size dtepends o>n t he

wiumber (f internal dhgree's of freedo<m enplo yed for a particular 'ol'inuu~s variable. Given that P1, is the

number o+f discrete degrees of freedtom assoc(iated with v, and that there are always four external dlerees of

freedom asociatedt with '. the size of M "' is P,. - .4 bvy P, - 4.

." ,,A  ";, , ( 1' ... S'[ 4,, ),,.4 0, 0 ..

12



€ ,A "!. v t .'A,'-*'2 '-|

NF(2'' (68)

0 . .. .,

s .. ... . SO

-" -I ,.I . , /fA I I- i/ .+

, "B I H,"..( ". ".. '

S '(1\ICNp ... 5!0  
4  ... (70)

MH ,,S .- t~oPx\ ) S9). (.op!.\-  .. . S ' AX ~l\- ) (70)

5A

Stiffness Matrix

The stiffness matrix is partitioned similar to the mass matrix and has the form

KE E K" R K ' u KH

ElEl KEl El

Ky, 0 0 0

K = Ki', 0 o (71)

Si/l K I 01
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The external stiftfness submatrix KEE is given by the 12 by 12 mnatrix in the following equation and reduces
I I it, cIassicI theaui elenent stiffness niatrix for (Onstant cross-sectional pro)ertics.

0 (1 0 1  0 0 F(

." t/,E! , , 1 S.)[)!(IFIzz) 1) Sr.;'( Fizz) U U S.V( (FIzz)

0"I /l!?, 0 S,1 -s'PP(EEyZ) 0 S 1 'EI Z 0'l/'!'l 0 0 1;111(I'(E). 0

PP PP 0~ 0~'' ./I,-

J I,., ( ElI 1 . 0:j E l y1 0 I ., ) 0
2.2 Z .2

S"'P EII ) 00 -,;11 (F~j1.) o 1't)( , 0S./11(EZZ 'lzz 4I ) 0 01 0 S' FEIZ

s.) : ;EA) 0 0 0

s0 , t S )A 3.4 ",EIZZ,

(72)

The suihuiat ric'es K-I.K1 t K"E.- auid K 9-I ('out)le the external andt internal dtegrees of freedom iii thle ement

st iffniess iiat rix auid are given by)t Ilie following eqluationls. These siunatri('e' have the same dinenisioins and
properties as the c'orrespoiiuig external-internal c'oupling mass submat rices (eqs. (63) through (66)) (lise'uissedt

Sr('v i-) islv.

SE(E s'(E.) A .l

0 0 0 . ..

01 0 (0 ...

K =. . (73:)

Sq2.-E ) .~)A

0 0 ..
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(4 4) .. 4 4

4.)'EI Z 441'( I Z . Sl" (4I Z 4

SV-"i''(EIzz) S' IT EIZZ) . SjIII(EIZZ) 0 ..

WE 14 0. () -. (74)

S4I'-P(PEzz) S.11VJ(EIZZ). 'EZZ) 44-

44 El) ."( I Z . ;" f( I Z 0 ...4

2. '2. .4)(

K .. (75)

(4 4 . . 3 ( ...

~5 1I J.y S. 14(Eyy) . .. -SPP1 (ElyI) 043 .

( 3.6 ... 4). 4

4)~~ ~ .... ) 3

(4 43 ... 43 0 0 ..

004 ... (400.

0)4 . 0 .

00 0. 4 0

S',(;(G.J) S(,)'(G.l) ... SO'(GJ) (4 ...

0~ ~ 04.. ) ...

0) 4 ... 0 4 .
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The stiffnrss subinatrices associated with the internal degrees of freedomi have siniilar characteristics as
their mass (otunt erparts and are definted as follows:

St"'',,1'( ) 0 0

"t(')(EA) S)( A ;).E4
K"' =. . . (77)S,,,,. SFI)T(E.4) ,.V)(EA) S -(EA) 0 ...

L

S, l "'(FIzz) - S(El7 7 ) (E1. 0  0) Z)
= 7i/' SI S (IIIzI .l..'LIz 0E 7  . .. (78)

• i.i [- ZZ i.7 (EIZZ .... .10 '

K'I -'- S1171 EIzz SI""(EIZZ) ... 1;4'(EIZZ) o . (7)

".G G . ".. (80)".

.- ,.; "Y) " .6 (EII- PEyy) ..5.0 SI P EI., 0

Aae lly defin the tIt ( eo tross- secton .pr t oynm(Elyy) by 0 ...

thKxlct/ep=sosfrte iest fmti functSP( Ions given i apeni A((lv 0 .(9

• 87.s . IE)y

• ,P G J ..PGJ ... • ". "..

s5!) (G1 SI)(G) ... ( o o ..
II.. ,,T( J ,,PG ) .. ) GJ .

All the reaieleent de d heely define the tapered p-version be tyes f an arbitrary nuiori
of internal degrees of freedom are now in hand. These include the matrix definitions given in equations (61)
through (80), tte definition of tite cross-sectional property polynomials given by equations (44) and (45). and
the explicit expressions for the five sets of mnatrix functions given in appendix A.

Numerical Validation and Preliminary Performance Analysis

The beam element developed herein is capable of emulating four different types of beami elements: uniform

h-version, uniform p-version, tapered h-version, and tapered p-version. A uniform (h- or t)-versionl) element

is created by restricting a, through a 4 to be zero in the generic cross-sectional property polynomials. All

h-version (uniform or tapered) element is created by restricting P,, = PO = 2 and P, = Pw,, = 4. Once the
uniform versions of the element are validated, they can be used to approximate a tapered geometry for the
purpose of validating the tapered versions of the element. Similarly, the p-versions of the element should
converge to the sane results as the h-versions of the element.
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Computational Approach

Numterical resuilts Fori tinst oll Ite cases alliaI'l t' (t wee lcmpte(d oill ani IBM Modl s(o compuIteri operat iiig

aIt 16 \lfIJ an e1( t pped with ali Stt3S7 inith Ii rce-o a(liIts n d (1( runinlg lP-DOS 3.3. Bt'(815(' (f (hliltt'

(nfl' limii~ittiil. Iln tillili h16,11)1-versioni (.;)t'5 ctllii 15 or molire eleints were runi nit a DEC 3200
VAX workstattinn riiiig VMS. Howver'i. a11 Uclllpiltatiols lised eiglit-IIVI( (mat ilig-pnilit rt'pre'5t'itit loll nf

Dital 111ulilters coiittriliti to Ili IEEE standi11ardl ((defalt anl thle 11I cnlilpitlter lt.! requiires it /G comiljer
(y11 intl m~l t ie( VAX ( itllitI(r. B~ecautse thet (nlliplllter code' lisei to gt'lierate t liese results was lint writ 1(11 to

ake adlvautag(' of' t ' SN"lliiittlV 811(1 bltaidetlies's nf thle globail Itiass and st iffliess illat rices, at fail- cnlliparlsnoll

lt'gitee' hethll \'(llS Ihle aitilra~v of th lillotit's. Ilie ('igell-valtic extracition tecllline ulsed( is a co nilationl

(4 thle deer'UlltlallI search li 11ltod 811(1 inverse' iter"It inll ref. HO1. The dlerlntlat sewarch phase eiuipln ,vs bh

Validation of Uniform h- and p-Versions

A milinOrm lwa ceni tcti beiiei vall l~ated rat her cas~lY Itecatise (lnsedl-fnrtli solitions to the' axial anl
foi'sintial vibrtat ion.l andit ''iieatl v (lnsed(-fnl'tll soIlutionls to thie hbeillig vib~rationt problemi exist. (See ref. 12.)
The tierivat intl nf thle clnsed-fnriti expressinls fnr thlesev freqieiicies is pre'seted't ill appetil(lix 13 hecauise ilie
(l('tival oll" ((ttillnliiXhfound Ii the literaltutre dIn not inlud~e the rntarvy Iniertia lerills.

Tile l11itint~. canitilevered steel leni with a circular c'ross sec'tion shinwn iii higure 3 was used !oI validiat e
thie 11llifntill versiolls of the elieite l'tlpedl liert'it. R~epresenitat ive Ii- a11( p-versioil i hIlit ('-tl('llt'uit illteso(f
lit', latil 1111 also( slln il Iil hgt-irt' 3. The' miaterial propterties (If thle lnaiti uisedt ill t he tiliiiitrical sti tnlo'wert'

ats folnws:

E; = 30.0 x 101; ill/ill 2

G; = 11.6 x 10(' lb/i112

1= 0284 lh-sec2 /in41
:386.4

Fnr VaIid Iat 1nt0 1 f tI WI' iiilii vt'rsiIi is nf t Ilie finite (Al(iiillt deelopIedl hiereini. tlit', lowest frequenc'iieis oIf t his
lil wetre' calcuilatedt ''t'xa('t l ' "sinig th l lsedl-fnrttl ioliltinns iii a1)1 )(ildix 13 and( inlliricall' uisinig bothI thlit

it- and p-vet'siiii ce(iitiits. Thie first fnour eilditig frequencies. the11 first tnrsioinal freqreiicY. anid then first axial
fi'equen-Y. frniii appeindix B. at'(

li=27.4651 1-lz

fr2 = 171.6155 Hz

f: =478.2671) Hz

f,4= 930.8451 Hz

f(41 = 523.47,49 Hz

f, = 8-41.7997 Hiz

'Flit'st six frt'quticit's will bet regarded'( as "-exact- ftr It' le puirpose (If val idat ing thle uniforin Ii- and( 1 1-versinis
(If th li' ealii t'leliiit. 1T1111 I showx~s t'e frequencies obtaiiied ulsinig the uiliftoril li-versi (If thlit fintite t'clt'iiti

as lit' iniller (If tele t's tist'd was varied fromt 1 to1 14. Thle e'xac't [rt'eiecits art' giveni at t'e lnt tn oIf'
t'e tale fnr rtefere'ncte. Althog liniiIv thlet first bending freqiit'ncY t rilvY conlvergedt with Ii I tltilnits. th Inotheitr

frtequitencites art' n'arl ,v conlvtergedt (wit hin 0.06 p~erce(nt)
1ab1111 shotws t lit' frtequenicites obltained't uising o)111' ;)-vt'rsjtii elt'iieiit as th lit'iiiiitr tof intetrnial dtegirtes oIf

frt'tdon is iicreasted front 0 tn 1:3 for teacli (If thlit four ('onitinunous dlisp~lacemeni'ts. That is. iii talet 11. 13 intetriial
ol'rte f frt'edoin refers to1 13 i nI rrnal degrees oIf frtedoni t'a(h fnr u. c. w, antd 0. for an aggregate t ttal If

52 intternal dt'grt'ts (If frt'ednin. Again. th li'txact frequncites art' ntedI at th lit'ltoi o(11tf th ltable11 ftor rt'firert(.
It is cle'ar t hat all t lit' listted frequet'ncies have ('(Ilvfrgt'd with 1:3 itttrial degree's (If frt'tdnru. and1( that f it',
convtergted valutes art' tsset'rtiallvN tequal to thet exatct valtit's. Iii figirt's . thrnoughi 9) th lit'infnrmat ion ill tabtlets I
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and1( 11 is lo tt ed ill terims of tile piercenit error versus thle niuimiber of dlegrees of freedomi. The pilot s clearly 'v1shw
liat hlat i thle l)-versioii elemnt and thle li-version element converge to thle exact answer. and~ that the p-v\ers.don

eleilelir has a faster conivergenice rate t han tile li-version elemieiit.

Validation of Tapered h- and p-Versions
Th le t aperedl steel b eami withI circular cross sect ion sliown in figure 10 was used to validlate the t aperedI

ver'sions of thle finlite elemnent developedi herein. Also sliown ini figure 10 are rep~resenltative h1- and l)-xversioui
muodels. Because thle results shown in tables I anid 11 have validated tile uniform versions of the beamn element.
lie exact frequienicies of the taperedl lean (-ail he dletermniledi with a ruiiformi li-versioii miodel if a suifficiently

larqie iiunier of elemnenits are emiployed.
Thle frequeiicies obt ainied for the tapered beami uising uiniiformiih- version finite elemienits are piresent ed ill

ab le III. It should he not ed that tile frequencies ini table III approach the conivergedl values fromi below
(whereas iii tables I anid 11. thle frequencies coniverge from above). Also. thle number of elemnt s requiredl to
reach conivergence for thle tapered beami is over seven t innes t hat requiredl for a comuparable uiniforin b eami.
Both Iihese behaviors c-an be explained iw tile fact t hat. as uiiiformi elements are add~ed. thle geoniet ryv of thle
miod el is chaiiing. Thle emnet ry approaches a smioothlv tapercd b~eam~ as tenumber of enments in th lioe
approaclies ininit 'v. Here. the model is assumn~ed to lbe converged with 100 eleiients (600 (degrees of freedlom)i

Thle frequencies p~redicted 1w using a t aperedl li-version finite-elenient miodlel are shown iii t able IV. Ini t his
case tile geoniet rv oftile pirobilem is represeinted1 exactly using one element. and t herefore thle geomel(t rv, of the
modiiel is not changed as thle niumber of elements is increased. It should be notedl t hat now convergence is froim
aliove and is achiieved rising approximiately one seventh as miany elemienits as ini talble 111.

Table V shows thle frequencies which were obtained for the tap~eredl beam using one( taperedl I)-mrsion
eleimieiit and1( varvimig tile niumiber of internmal degrees of freedom froin 0 to 19. With 19 interiial (degrees of
freedoni. 22nid order polynomnials are used for lateral bending and 20thI ordler polynmionials for the axial and
torsioiial displacements. The reason for showing the results of such a high order element is to demonstrate the
nuimierical stalbilit 'v of the element. It is seen that the p-version results in table V converge very close to thc
values p)redlictedl 1) the hi-version beams in tables III and IV but with the use of far fewer (degrees of freedom.

The dat a in tables III throuigh V are graphically depicted in figures 11 through 16 in terms of perceiit error
versus thle nmnber of (degrees of freedomi. These figures show the dramatic improvemient ini convergence which
is realized by using taperedl h- and( 1)-version elenients insteadl of uniforni li-version elemients.

Conclusions
The derivation. and~ validlat ion. of a new. tapered1. 1)-version beam elemlent which both facilitates conivergeiice

chiecks and produrces a better conivergence rate thanl nontapered. hi-versioii beam elements has been dlescrib~ed.
These two characteristics complement each other and, wheii combined. provide a powerfuil and versatile beami
elemnit which is easy to use. The shape functions onl which the element is b~ased were dlerivedl by using
ort hogonalitv relationships which produce elenment matrices that are extremely well-conditioned amid of a form
allowing explicit integration in thle derivation of the elemenit matrices. The latter featutre elimiinates the nieedl
for nunnerical (Iradratrire: thuns. rorinidoff error is redlucedl. Thle shape functions are hierarchical such that higher
order element matrices can rise the element matrices from previous lower order anialyses. This siniplifies the
derivation. codling, and validation of the element. The present form of the beamn element, has been derivedl in a
mnaninier which allows for anl infinite numnher of internal degrees of freedom. Thle beam element, has been tested
withI up to 22nd( ordler C71-tvpe shape functions and( up to 20th order C0 -type shape functions with no evidence
of ill condit ioiiing or sign ificant rornidoff error.

NASA Laniglev ' yesearchi Center
Hamipton. VA 23665-5225
.1me 2:3. 1989
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Appendix A

Expressions for Matrix Functions

Explicit exressions for tle iatrix fictions are pr,,evnted in this appendix. Each matrix function is a
fun9ctio1 of the eleiiewit lenth I and tle coefficients t'troni the genieric cioss-sectiolial property polvioiuiials. a)

throligh (.

The definition of the 5(l set is

,l I ,,.) ,

,* = PI ( (11 (Al)

and the explicit it erat i011s are

1( 14 -- + 7o3 1:  -4- 14(2121 + 35al/ + 140aj)A

S420) 
A 2)

1( 1(), 110al 4 + 14131:' + 2 1(1,2 + 35a 11 + 70oi Al
0 

A423

.,0 1 (60(z4l4 + 70a:13 + 84(12/2 + 105all + 140a o )
"." 420 (A

=I -I 21 - - - 5)(33i4 - 685i' + 4990i 2 _ 14910i + 15492)a4/4

+ 2(i - S)(23i t - 416 i : + 2697 i 2 - 7419 i + 730 5 ) 13l 3

+ 6(i - 8)(i - 7)(8i' - 90i 2 + 322i - 365)(212

+ 4(i - 8)(i - 7)(i - 6)(i - 4)(4i - 5)aj/

+ 35(i - 8)(i - 7)(i - 6)(i - 5)(2i - 5)ao]

/[168(58715 
- 15825j4 + 166115i 3 - 846075j2 + 2087798i - 1994340)] (A5)

s o =(0 AG)

'.. 1 21 3 [(283i' - 7825d4 + 84335i j
3 - 442(025i2 + 1124532i - 1108260(1)a4/4

" 5(i - 8)(50i 4 - 995i' + 7224j2 - 22641i + 25770)a:3 / 3

+ 3(i - 8)(i - 7)(681 - 90512 + 3907i - 5440)afl'

+ 3(i - 8)(i - 7)(i - 6)(52i2 - 413i + 785)al/

+ 35(i - 8)(i - 7)(i - 6)(i - 5)(4i - 13)ao]

/[168(587j 5 - 1582504+ 16611530 - 846075i2 + 2087798i - 199-4340)] (A7)

2.1 = 0 (AS)

151, = 1(2i - 3) [3(7i' - 42i:3 + 7 2 + 168i + 60)a4l'
=3.x + (2i + 3)(2i - 9)(7j2 - 21i - 1 )

+ 2(2i + 3)(2i - 9)(5i2 - 15i - 8)a2/ 2

+ 4(2i + 3)(2i + 1)(2i - 7)(2i - 9)(all + 2ao)]

/[16(2i + 3)(2i + 1)(2i - 1)(2i - 3)(2i - 5)(2i - 7)(2i - 9)] (A9)
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-2 21 - 1[6(i - 1)- 2i - 5)(41

+. + 1)(7i -Ii 361)a312 +2(i - 1)(2i +3)(2i -7)(a21+aI)]

r16(2i + 3 (2 i + 1)(2i - 1)(21 - 3)(2i - 5)(2i - 7)] (A10)

s ' l ' ~V 7 - I.'([5 i i- 1 )(i 2  - i - 8)(4 1 1

=3. - S(i + 2)( - 3)(2i + 5)(2i - 7)(13/13+ 8(2i + 5)(21 - 7)(2i 2  2i - 9)422

+ S(2i + 5)(21 + 3)(2i - 5)(2i - 7)(a 11 + 2a())]

/ l2i + 5)(2i-+ 3)(2i + 1)(2i - 1)(2i - 3)(2i - 5)(2i - 7)] (All)

, 21 - 3 2V/ 3 [1 (i(i2 - 7) 141; + i(13j2 - 85 )l: 11

=3. 44i 2i + 5)(2i - 5)(a24 + a,)]

/[32(2i + 5)(21 + '3)(2i + 1)(2i - 1)(2i - 3)(2i - 5)] (A12)

- ' = /72(i-3 2 ± +-.! 1)i( 1312 + 13i - 116)u1 2

, (I + 1)i(2i + 7)(2i - 5)(3 jI3 + 2(2)]

/[32(21 + 7)(21 + 5)(2i + 3)(2i + 1)(2i - 1)(21 - 3)(2i - 5)] (A13)

, - /' / 2 2i + 7( i +2)(i + 1)i(2a.41 +a 1 ) (AI-I

32(2i + 7)(2i + 5)(2i + 3)(2i + 1)(2i - 1)(2i - 3)

2-3 Vi +9(i + 3)(i + 2)(i + 1)1415  (A15)

" 64(2i + 9)(2i + 7)(2i + 5)(2i + 3)(2i + 1)(2i - 1)(2i - 3),=3. -.

,0 (A16)

i=3.x, j=7,-c

The (lefinition of the So p set is

• .
S!P P4 x)(O)'( V())' dX (Al7

and the explicit integrations are

S 12.111 + Fj1a3 -+ 2f".212 + 30al 1 + 60a0 (A18)

1.1 601

* 1241t + 15a3/ 3 + 20a212 + 30a11 + 60a() (A 19)

1.2 601

yi P = 12a.10l + 15a3 /3 + 20a212 + 30a11+ a (A20)

2.2 (01

21i -- 3[3(29i' - 406j2 + 1833i - 2644)a410
+ 3(i - 6)(2512 - 202i + 387):12 + 2(i - 6)(i - 5)(26i - 83)021

+ 10(i - 6)(i - 5)(i - .1j]/[30(47i' - 628j2 + 2729i - 3792)] (A21)
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= (A22)
7.

,;III - ,/ I"3 29 3  A06j2 + 1533i - 264 (a.4  + 3(i - 6)(25 j2 202i :87)(, ,12
• 2,t 1.1 3 311 2 41(4

2( - 6)(i - 5)(26i - 83)(.2l + 10(l - 6)( - 5)(i - 4)(il]

[30 47i :i - 6I2Sj2 + 2729i - 3792)] (A23)

._., = (A 24)

I = -i35' - 210i 3 + 305i2 + 3)i - 88)(2i - 3)a,1

x 221i + 1)(21 - 3)(2i - 7)(5,2 151 + 7)a;j/;;

+ 4(2i + 1))2i - 3d 2 1 - 7)(3i 2 - 9i - 4,.)212

-t 4 -2 - 1)(2i - 1)(2i - 3)(2i - 5)(2i - 7 -a -

/[l(2i + 1)(2i - 1)(2i - 3)(2i - 5)(2i - 7)] (A25)

2i -3 -1- [ 2(1 - 1)( 7j2 14,- 8) 1

,=tx -- 3(i - 1)(512 - 10i - 6)(312

+ .(i - 1)(2i + 1)(2i - 5)(a,21+ a 1l1

I/[(2i + 1)(2i - 1)(2i - 3)(2i - 5)] .A2'-)

i2 =12i 3,2i -1[2(i- 1)(7 2  7i - 26)a41

+ iii - 1 )(2i + 3)(2i - 5)(3a:12 + 2(121)]
/ [S (2i + 3)(2i + 1)(2i - 1)(2i - 3)(2i - 5)] (A27)

-)p 2 --3 2i + 3(i + 1)i(i - 1)(2 (413 + a312)
,,:I - 8(2i + 3)(2i + 1)(2i - 1)(2i - 3)

2 -3 2V2 +5(i + 2)(i + 1)i(i - 1)(P/ A29)

3 " = 16(2' + 5)(2i + 3)(2i + 1)(2i- 1)(.- :3)

S)P. = 0 (A30)
i=3. x. j=r

5
.x

Ihe ldefinition of the S 1 set is

f P2 ()Vl I d."C A3. I
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and t(li explicit integrations are

-1( 19.212 + 54all + 234ao)

1.1 ( 0 
(A32)

12 1 7(1a212 +  12al/ - 132(z() 33)
1: 2520

(-162/ 4 2t- S l(,/ + 162u,)( .

3 - 1260 A31

/2 1!(1.12/ 36a I/ + 73ao )

1.4 2520 (.. )

1 ; (1.)/12 +  9a Il + 210n3)

2 0 0 
( .A 3 (i)

. _(2 12 . i ) 
A37 3

_. - - (5 2520

(= (145121 2 + 1Oa( I/ + 234a3,)
3. " )30

/2(65a.212 ± 90(1l + 132+())

1:'l() 12 + 15a I + 2 u4o) 3A

2520 
( I I

S 2i - 206i" - 7725' + 114020 - 2 1 T)5" + 2947034i - 1]229(1 ))2l3

=. 1o + (i - 1()( 1 73i0 - 5((5i : + 53215i 2 - 245915i + 416292)a 1 12

+ 2(i - 10)(i - 9)(i - 7)(69i 2 
- 1136i 1 3892)ao/]

/[126(4759i' - 17.1190d + 2512445i - 17844110i 2 + 62404896i - 859)8000()] (A 2)

,s., =o (A13)

-. 2 - 5 [(62i - 2315i' + 340i - 245305 + 868878i - 1208400)W-2/

i=5.10) + 2(i - 10)(i - 8)(i - (i)(33i 2 - 468i + 1499)a,/P

4- (i - 10)(i - 9)(26d - 661i 2 + -1961i - 11.176)au/ 2]

/ [100803 43 iP - 15875 | + 22900(i0i:' - 1628305j 2 + 5701 086i - 7S6.1(62(1)] ( 1-) H

-.1 0 (A15)
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- i -_ .5 I56, 59MS3i' -- 905Y. -- 675 137, 2 '- 2 I, l}3 2i - 3583314 )x.,M

=5. 1 5 t- 1I WO119) - 31671 +' 33983,- - 15t7337i + 271980)al 2

2( - l(h - ','o - 7)(l Iii - 1721t 90.SUi ,,)lj

_1269, 1759,_' - 171 1901, - 2512 115,3 - 17., 1 11(12 4- (i2-1)-9(ii - S59S(0000)] ()

=9 A47)

27 5 - , - , 6 W 'l - 2' Ws 1- -4- 7:3012i - 8 7909)9) /
- H, 2- -73, ,171,

2 - 22743t -- 34716) ,1 :

.. fo- j 1It 1 II - + 1 1 i - 35276)(1(1l12

loI') 131 i - 151,77 - 2290)ioi :  128305ij2  4- 570WSit - 7s6462), ..\ls)

1 1 0 H2 1 1 H 3u H 1) 5, H 2 7 p 2, 9 N 2,- 11

2 1 2 1 3 (= - 2 ( 12 1 ( 1 ( A
, i I i - 12, - :1).21 - 5i2' 7 2i 9.

- , 2T - .- \P2,,- - 1712 - 511 - 12 (2  - s 1 + 3)2 1 - 9)( It 2..\TA5

"-" 1 0i 2 1 -3, 2 ,-19- 1n 2 ,51( 2;- 7 92, -)2t- -9)

- 3. 2 I- 5 2 1 -+1 21 )) 2t - .3921 -) .(2 - 71(2t

. i - 5(21- (121),U-K1-52-

31 H I\.2 H " 2 l 11 - ) 3t H 1t 5./ H 0 lt+ 2 -7)l /+ (

?" 3 n2 t ± 4 i n2 (21 + 5H 2- 372 -5 I S2 2

." = 3 12 + 52 H 2112 - l 2 I H 2I - . 2 - 7) 5 Y 7

-20" 5V2iv 5&t- 4-+1)z1 (AA5
:522 1 - 592 1 --,35 ) )(21 + 1 )(2 - 1 )(2 i - 3)(2t -5)

1i + 5i(f,70 + "&(A56 I

6.. 1 ( 2 5 H + 3 2 + I 2 - I H bi - 3 2 - 5

. ' = I .57)

23



Ilte tlthlnltitll of tte ' l i.,

1.,1I > = tlid ,) . \ - i( V 
lit ... 

( 3n
-,--

alt, l4 '- 1.t,1-M 30 + 21 "12 + 42all + S-tli (A59)

S ' -- 7t1 2 2 -(A60)

1)1
.51 13 12 +12 I2 I 4(1+2- (A2)

m 11()1

70/ (A61)

1 "'1=* 1 1. I 1 :, 3 1 ()( 1 )12 -_ l ( i 1 1j2

-40 
(A 63)

-+ H -r ~ - 11hflo12 
-4- 1-1,11 -+ _1t1(3

2 140 A6
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Appendix B

Derivation of Vibrations of Uniform Beam

The derivation of lie (chsed-fOrIli solutions to the vi)rations of a uniform beam is presented in this a)p)eidix.
- . )lilnig vit)ration problei is solved and then ttie torsionai and axial viliati. , ," -o"ved.

(oirsider the translational displacement i' only. ('sing the expressions for the kinetic and strain energies

viven in eqi uations 2) anid (:8) respectively. anid assumiling harmonic iliotion give the following goveriiing

different ial equat iou:

E EIzz

\len takiiig inito awcount the canitilever conditions. tie geometric boondary conditions are

'(0) (0 (132)

,(O) = 1) (1138)

mald the natural ) llouiidar'Y conditions are
c ' (1 ) = 0 ( 13 1 )

+ ,'(1) = o (135)

Thc general solut ion to equat ion (BI) is

=( ) k1  c)'I., + A2  c-i1' + A:1. (-os(b 2 .i) + A,4 sin() 2 .r) 63b)

where A]. k2 . A.' 3 . arol A-4 are constants that oepelld uip(uI the bliioudarv conditions. and b1 and 1)2 are lei ed
by

, 42 + 4A)-A
2

b2 = 2 (BS)

whlero

EIZ z
2

i42 ie 2 (13w)E

b)btritutinog the genera] solution given Iny equlation (B6) into the )ound(arv ('on(lions (ts. (B2) through (135))
reuilts, iII fol!' linear eqluations for k"1 through kA1 that eali be expressed in iiatrix form as follows:I 0 1 }}

1, 1 -! 1  0 1)2 k 2 0

-h - 2 ('s1)1 2 siii() 2 1) A' i

I) 1 12 2 1h1 )2 I.1 1
Lb1 (, +- .42 ) - , 1 '42) - 2( b - A )sin(, 2 1) -1)2(,2 - "12) os(bA J I) J

Th le heding nt.',rJ frequencies of the beam are those which make the determinant of the I )v .1 iialrix
in j'ittion (J311) equal to zero. For the example des('ril)ed in the nlaili text of tills 'e)ort, the first four
trequlenies are
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= 27.4651 Hz

f,2 = 171.6155 Hz

f,. = 478.2670 Hz

AA = 930.8451 Hz

Now consider oily the torsional (isplacenent 0. Taking equations (2) and (3) as the kinetic and strain
eliergies. respectivelv. and assuming harmonic motion give the following governing differential equation:

6" + GJ 0 = 0 (B12)

The boundary conditions 
are

0(0) = 0 (B13)

0'(i) = 0 (B14)
2

With b 2  . the general solution to equation (B12) can be written as

O(x) = k, cos(bx) + k2 sin(bx) (B15)

Submst ituting equation (B15) into the boundary conditions leads to the 2 by 2 matrix system of linear equations:

1 0 ki 0B6

[sini(bI) cos(bl)j I~ I = 14 136

Setting the determinant equal to zero and solving for w0 yields

117r GJ
21 GJ (n = 1,2 ....) (B17)

For the beam of figure 3. the first torsional frequency is

fo1 = 523.4749 Hz

The governing differential equation for the axial displacement of the beam is of the same form as that for
the torsional displac',,ent given in equation (B12). Only the constant b is different. The natural frequencies
can be shown to 1)e

Si ( = 1.2....) (B18)

For the beam of figure 3. the first axial frequency is

= 841.7997 Hz
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TaHe 1. Convergence of Frequencies for Uniform, h-Version Beam

Ndof Netlei f,.1. Hz fL2. Hz f,,3. Hz f,4, Hz fOl. Hz fuL. Hz

1 27.5953 270.3419 577.2137 928.2170
12 2 27.4784 173.0589 581.7178 1649.2712 537.0115 863.5679
l 1 3 27.4679 172.1745 484.1519 1081.3530 529.4733 851.4457
2-1 4 27.4660 171.8138 481.9206 944.1763 526.8447 847.2186
30 5 27.4655 171.7006 479.9624 941.5603 525.6302 845.2656
36 6 1 27.4653 171.6575 479.1306 936.7340 524.9711 844.2057
12 7 27.4652 171.6385 478.7476 934.2196 524.5739 843.5670
.48 8 27.4652 171.6291 478.5541 932.8928 524.3162 843.1526
54 i 9 27.4652 171.6240 478.4485 932.1524 524.1396 842.8685
60 10 27.4652 171.6211 478.3871 931.7163 524.0132 842.6654
66 11 27.4652 171.6193 478.3496 931.4469 523.9198 842.5151
72 12 27.4652 171.6182 478.3256 931.2736 523.8487 842.4008
78 13 27.4652 171.6175 478.3097 931.1583 523.7934 842.3119
84 14 27.4652 171.6170 478.2988 931.0791 523.7495 842.2413
Exact. 27.4651 171.6155 478.2670 930.8451 -7523.4749 841.7997

Table II. Convergence of Frequencies for Uniform. p-Version Beam

Ndof Idof f,.,. Hz fi,2. Hz fA3. Hz fL4, Hz fol. Hz ftl. Hz

6 0 27.5953 270.3419 577.2137 928.2170
1 1 27.4734 173.1390 906.1908 525.4401 844.9599
14 2 27.4652 1-2.5710 490.8033 2110.4920 523.5106 841.8572
16 3 27.4651 171.6203 490.0998 988.0348 523.4752 841.8003
22 4 27.4651 171.6178 478.4139 987.4482 523.4749 841.7997
26 5 27.4651 171.6155 478.4039 932.4859 523.4749 841.7997
3(0 6 27.4651 171.6155 478.2675 932.4643 523.4749 841.7997
34 7 27.4651 171.6155 478.2674 930.8613 523.4749 841.7997
38 8 27.4651 171.6155 478.2669 930.8613 523.4749 841.7997
42 9 27.4651 171.6155 478.2669 930.8452 523.4749 841.7997
16 10 27.4651 171.6155 478.2669 930.8452 523.4749 841.7997
50 11 27.4651 171.6155 478.2669 930.8451 523.4749 841.7997
54 12 27.4651 171.6155 478.2669 930.8451 523.4749 841.7997
58 13 27.4651 171.6155 478.2669 930.8451 523.4749 841.7997
Exact ... 27.4651 171.6155 478.2670 930.8451 523.4749 841.7997
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Table IIl. (,,nvergeii'e of Fre(qlei it s f rl \odelini Tapere(d leam With t'nifOrmi Beam Elm(,ios

Ndof Nelemi f /. Hz f. Hz z f.. z f. Hz ftj. IL/

6 1 36.7115 3581925 577.2137 928.2170
12 2 59.6562 172.5966 709.7736 1391.3137 934.-4916 1255.9186
1 3 71.9805 187.93-17 455.8576 1169*0279 1089.956-4 1.S. -I876
21 -1 77.99 1 205.9470 .111.9-430 8,93.5114 1156.1921 1381.39:{6
30 5 ,0.9-193 218.2811 435.8657 834.3421 1189.1758 1396.3582
36 6 82.685:3 226.0285 -470.7080 835.1067 1207.3211 1404.3645

42 7 83.7.585 230.9909 481.8723 848.0075 1218.3655 1 -109. 1399
1s S S4.4657 234.3112 489.7455 860.5784 1225.5667 1-412.2157
54 9 8-1.9554 236.6301 495.3418 870.3900 1230.5161 -11 .1.312
60 10 8508.33 238.3102 .199.4259 877.7242 1234.0613 1415.8068
66 11 85.57)7 239.5654 502.4906 88:3.2469 1236.6867 1416.9088s
72 12 85.7711 240.5273 504.848.4 887.4925 1238.6846 1417.7-150
78 13 85.9276 241.2805 506.7015 890.8284 12-10.2401 1118.36!)I
8S 1 86.052(0 241.8811 508.1846 893.5011 1241.4746 1118.9092
90 15 86.1526 2-12.3676 309.3901 895.6784 1242.4707 1419.3238

150 25 86.5698 244.4943 514.7164 905.4243 1246.7811 1-121.1123
3(0) 5 86.7753 245.4031 517.0280 909.7627 1248.6001 1421.8642
450 75 86.8097 245.5723 517.4313 910.58-16 12-18.9370 1422.0033
6()0 1001 86.8373 2-45.7077 517.8087 911.2465 1249.2228 1422.1216

Table IV. Convergence of Frequencies for Tapered. h-V(Vrsion Beam

Ndof Nele i f,,I. Hz fL-2. Htz f,'. Hz ,' Hz f01. tlz f,,j. Hz

6 1 86.9701 267.8185 1273.8317 1134.6550
12 2 86.9065 251.744:3 533.1733 1203.8627 1271.8282 1132.6379
is 3 86.8561 247.4589 538.74:30 940.3664 12(3.2856 1.128.3265
24 4 86.8.434 246.2835 526.0757 958.9185 1258.05-15 1425.9792

:30 5 86.8396 245.9340 521.073.3 (934.7022 1255. 16:34 1 121.7097
36 6 86.8384 245.8121 519.2780 921.7652 1253.-158-1 1 423.9658
12 7 86.8379 245.7628 518.5613 916.43(67 1252.3826 1-123.975
48 8 86.8376 245.7400 518.2391 914.1021 1251.66-47 1123.1850
54 9 86.8375 215.728:3 518.077.1 912.97-1(6 1251.1633 1 .122.9669
60 10 86.8371 2.15.7216 517.9880 912.3746 1250.80(1(1 1422.8087
66 11 86.8374 245.7176 517.9345 912.0268 1250.5286 1122.6906
72 12 86.8374 245.7149 517.900-1 911.8101 1250:3208 1122.6002
78 1:3 86.8373 245.7131 517.8775 911.6672 125).1582 1 122.529-1
8-1 11 86.8373 2.45.7119 517.8615 911.5687 1250.1287 1122.1729
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Table V. Convergence of Frequencies for Tapered. p-ersioll Beam

Ndof Idof fr. Hz fL2. Hz f,,3. Hz f?.4. Hz fol. Hz fAl. Hz

6 0 86.9704 267.8185 1273.8317 1434.6550
10 1 86.9555 249.6871 607.6043 1254.6750 1434.2370
14 2 86.8675 248.6826 545.9870 1173.2573 1249.4274 1422.2183
18 3 86.8417 246.2815 537.1999 1018,3391 1249.2122 1422.1270
22 4 86.8376 245.7577 520.7568 981.2253 1249.2122 1422.1223
26 5 86.8374 245.7151 517.9835 920.7022 1249.2093 1422.1164
30 6 86.8374 245.7151 517.9218 912.1356 1249.2074 1422.1149
34 7 86.8373 245.7127 517.8910 912.1356 1249.2067 1422.1145
38 8 86.8373 245.7101 517.8475 911.6613 1249.2065 1422.1145
42 9 86.8372 245.7087 517.8238 911.3808 1249.2064 1422.1144
46 10 86.8372 245.7080 517.8140 911.2864 1249.2064 1422.1144
50 11 86.8372 245.7078 517.8104 911.2582 1249.2064 1422.1144
54 12 86.8372 245.7077 517.8092 911.2498 1249.2064 1422.1144
58 13 86.8372 245.7077 517.8088 911.2473 1249.2064 1422.1144
62 14 86.8372 245.7077 517.8087 911.2466 1249.2064 1422.1144
66 15 86.8372 245.7077 517.8086 911.2464 1249.2064 1422.1144
70 16 86.8372 245.7077 517.8086 911.2463 1249.2064 1422.1144
7-1 17 86.8372 245.7077 517.8086 911.2463 1249.2064 1422.1144
78 18 86.8372 245.7077 517.8086 911.2463 1249.2064 1422.1144
82 19 86.8372 245.7077 517.8086 911.2463 1249.2064 1422.1144
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Figure 15. Percent error versus number of degrees of freedom for first torsional frequency of tapered beam.
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Figure 16. Percent error versus number of degrees of freedom for first axial frequency of tapered beam.
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